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6 [1] Hydrological processes within the terrestrial water cycle operate over a wide range of
7 time and space scales, and with governing equations that may be a mixture of ordinary
8 differential equations (ODEs) and partial differential equations (PDEs). In this paper we
9 propose a unified strategy for the formulation and solution of fully coupled process
10 equations at the watershed and river basin scale. The strategy shows how a system of
11 mixed equations can be locally reduced to ordinary differential equations using the
12 semidiscrete finite volume method (FVM). Domain decomposition partitions the
13 watershed surface onto an unstructured grid, and vertical projection of each element forms
14 a finite volume on which all physical process equations are formed. The projected
15 volume or prism is partitioned into surface and subsurface layers, leading to a fully
16 coupled, local ODE system, referred to as the model ‘‘kernel.’’ The global ODE system is
17 assembled by combining the local ODE system over the domain, and is then solved by a
18 state-of-the-art ODE solver. The unstructured grid, based on Delaunay triangulation, is
19 generated with constraints related to the river network, watershed boundary, elevation
20 contours, vegetation, geology, etc. The underlying geometry and parameter fields are then
21 projected onto the irregular network. The kernel-based formulation simplifies the process
22 of adding or eliminating states, constitutive laws, or closure relations. The strategy is
23 demonstrated for the Shale Hills experimental watershed in central Pennsylvania, and
24 several phenomena are observed: (1) The enslaving principle is shown to be a useful
25 approximation for soil moisture–water table dynamics for shallow soils in upland
26 watersheds; (2) the coupling shows how antecedent moisture (i.e., initial conditions) can
27 amplify peak flows; (3) the coupled equations predict the onset or threshold for upland
28 ephemeral channel flow; and (4) the model shows how microtopographic information
29 controls surface saturation and connectivity of overland flow paths for the Shale Hills site.
30 The open-source code developed in this research is referred to as the Penn State Integrated
31 Hydrologic Model (PIHM).

33 Citation: Qu, Y., and C. J. Duffy (2007), A semidiscrete finite volume formulation for multiprocess watershed simulation, Water

34 Resour. Res., 43, XXXXXX, doi:10.1029/2006WR005752.

36 1. Introduction

37 [2] In this paper we address the problem of process
38 integration for hydrologic prediction in watersheds and river
39 basins. Simulation is now widely utilized as a complemen-
40 tary research methodology to theory and experiment [Post
41 and Votta, 2005]. However, the grid resolution, scale of the
42 model, and range of hydrologic processes operating in
43 watersheds and river basins offer the dilemma of what is
44 necessary to predict hydrologic response or to simulate
45 certain behaviors of the coupled system. In this paper we
46 formulate a multiscale strategy that incorporates constitutive
47 relationships representing volume-average state variables.
48 For small watersheds and fine numerical grids, local contin-
49 uum relationships (e.g., Darcy’s law) lead to a fully coupled,

50physics-based, distributed model. At larger scales and coarse
51grids, empirical relationships with large-scale volume aver-
52ages are applied, and the model becomes a semidistributed
53model. A brief review of hydrologic modeling strategies
54demonstrates the issues involved with integration and cou-
55pling of multiple processes and clarifies the purpose of this
56paper.
57[3] Current hydrologic models may be described from
58two perspectives: physically based, spatially distributed
59models, and lumped conceptual models. Freeze and Harlan
60[1969] developed the first blueprint for numerical solutions
61to physically based, distributed watershed models starting
62from a continuum perspective (i.e., Richards’ equations for
63subsurface flow, Saint Venant equations for surface flow and
64channel routing). It was some years before the SHE model
65[Abbott et al., 1986a, 1986b] and its variants produced a
66second generation where the coupled physical equations are
67actually solved on a regular grid, with coupling handled
68through a sophisticated control algorithm that passes infor-
69mation between processes (e.g., surface water–groundwater
70exchange).

1Department of Civil and Environmental Engineering, Pennsylvania
State University, University Park, Pennsylvania, USA.

Copyright 2007 by the American Geophysical Union.
0043-1397/07/2006WR005752$09.00

XXXXXX

WATER RESOURCES RESEARCH, VOL. 43, XXXXXX, doi:10.1029/2006WR005752, 2007
Click
Here

for

Full
Article

1 of 18

http://dx.doi.org/10.1029/2006WR005752


71 [4] The approach of coupling multiple processes through
72 time-lagging and iterative coupling through boundary
73 conditions is generally considered a weak form of coupling,
74 in that it may lead to significant instability and errors
75 [LaBolle et al., 2003]. The approach also requires consider-
76 able reprogramming if changes are made to the physical
77 equations for a specific application. More recently, Panday
78 and Huyakorn [2004] have developed an approach where all
79 equations in the model are of the diffusive type, which are
80 solved in a single system on a regular grid (e.g., Richard’s
81 equation and diffusive wave equation), while equations for
82 other processes (vegetation, energy, snow) are dealt with
83 separately (iteratively). Yeh et al. [1998] have used a similar
84 approach but with finite elements. As will be described later,
85 our approach couples all dynamical equations within the
86 same prismatic volume (a prism is defined by a triangle
87 projected from the canopy, through the land surface to the
88 lower boundary of groundwater flow); and all equations are
89 solved simultaneously, eliminating the need for a controller,
90 delayed, or off-line process equations.
91 [5] Lumped or spatially integrated models are widely
92 used today, where the goal of the prediction is outflow
93 from forcing (e.g., rainfall-runoff, recharge-baseflow,
94 precipitation-infiltration). Lumped systems are low-
95 dimensional and conveniently solved, but still require an
96 empirical relationship for flux discharge that is generally
97 assumed to be linear or weakly nonlinear and fitted or
98 calibrated to the data. The reduced parameter set of this
99 approach can resolve the overall mass balance but cannot by
100 definition inform the internal space-time variation of phys-
101 ical processes. The Stanford watershed model is an early
102 example of the lumped model that includes watershed
103 processes [Crawford and Linsley, 1966]. There have been
104 efforts to try to bridge these two approaches. Duffy [1996]
105 describes a two-state model by integrating Richards’ equa-
106 tion over a hillslope into saturated and unsaturated states,
107 and later extended this approach to the problem of moun-
108 tain-front recharge using hypsometry to partition the upland,
109 transition, and flood plain zones into a intermediate-
110 dimensional system [Duffy, 2004]. Reggiani et al. [1998,
111 1999] proposed a comprehensive semidistributed frame-
112 work in which integrated conservation equations of mass,
113 momentum, and energy are solved over a representative
114 elementary watershed (REW). They discuss the issues
115 involved in parameterizing the integral flux-storage relation
116 at the REW scale, and refer to this as hydrologic closure.
117 [6] The decision of using a lumped, distributed, or semi-
118 distributed approach to model watershed systems ultimately
119 depends on the purpose of the model, and each has its
120 advantages and disadvantages. For the distributed case, the
121 governing equations are derived from local constitutive
122 relationships. For instance, the Darcy equation is applicable
123 at the plot or perhaps hillslope scale, but it is not clear what
124 should be the effective relation of flux-to-state variable
125 when integrated over larger scales where semidistributed
126 or lumped models are used (e.g., the hydrologic closure
127 problem discussed by Beven [2006]). At present there is
128 considerable discussion in the literature about the relation of
129 data needs and predictive models, including the issues of
130 model type (lumped, semidistributed, distributed), unique-
131 ness, and the appropriate scales of integration [Sivapalan et
132 al., 2002].

133[7] In the present paper a new strategy for integrated
134hydrologic modeling is proposed that naturally handles
135physical processes of mixed partial differential equations
136(PDEs) and ordinary differential equations (ODEs) as a
137fully coupled system. The model formulates the local
138physical equations via the finite volume method, using
139geographic information systems (GIS) tools to decompose
140the model domain on an unstructured grid, as well s
141distributing a priori parameter estimates to each grid cell.
142In the limit of small-scale numerical grids, the finite volume
143method implements classical (e.g., contiuum) constitutive
144relationships. For larger grid scales the method reflects the
145assumptions of the semidistributed approach described
146above, but with full coupling of all elements. The process
147of altering the physical model to accommodate effective
148parameterizations or new equations is a relatively simple
149process, since all equations reside in the same location in
150the code (i.e., the kernel). In this approach, the interactions
151are assembled on the right-hand side of the global ODE
152system, which is then solved with a state-of-the-art solver
153designed for stiff, nonlinear systems. The approach utilizes
154a triangular irregular grid that covers the domain with the
155fewest number of triangles [Palacios-Velez and Duevas-
156Renaud, 1986; Polis and McKeown, 1993] subject to
157constraints as defined by the particular problem.

1582. Modeling Approach

1592.1. Semidiscrete FVM Approach

160[8] In this section we develop the finite volume approx-
161imation for an arbitrary physical process operating on an
162unstructured grid cell. A general form of the mass conser-
163vation equation for an arbitrary scalar state variable c can
164be written

@c
@t

þr � cVþ @c
@z

¼ Wc; ð1Þ

166where c represents mass fraction of storage (dimension-
167less). For convenience, the velocity vector in (1) is divided
168into horizontal (V = {u, v}) and vertical components {w},
169and Wc is a local source/sink term for the process
170represented by c. Volume integration of (1) proceeds in
171two steps: First, we integrate over the depth of the layer and
172then over the area. For a single layer of thickness za � z � zb
173containing the scalar c, the integral over the depth takes the
174form

@

@t

Zzb
za

cdz� czb

@zb
@t

þ cza

@za
@t

þr
Zzb
za

cVdz� Vcð Þzbrzb

þ Vcð Þzarza þ wcð Þza� wcð Þzb ¼
Zzb
za

Wcdz ð2Þ

176We can evaluate the boundary terms, by rewriting
177equation (2) for a small layer about the boundary itself,
178zb

� � zb � zb
+, where zb

� = zb � e and zb
+ = zb + e. Letting the

179layer thickness approach zero, zb
+ � zb

� ! 0, the integral
180terms are eliminated and the remaining terms must balance
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181 as we approach the interface from both sides, leading to a
182 definition of the net interface flux:

cbþ
@zbþ

@t
þ Vcð Þbþrzbþ � wcð Þbþ¼ cb�

@zb�

@t

þ Vcð Þb�rzb� � wcð Þb�¼ Qb; ð3Þ

184 where Qb is the net flux across z = zb. A similar expression
185 is found for Qa at z = za. Equation (2) is now written in
186 terms of vertically integrated storage in the layer:

@c
@t

þr Vcð Þ ¼ Qb � Qa þ w; ð4Þ

188 where c is the volumetric storage per unit area (L) in the
189 layer defined by

c ¼
Zzb
za

cdz; ð5Þ

191 and w is the vertically integrated source/sink term

w ¼
Zzb
za

Wcdz: ð6Þ

193 To complete the volume integration, equation (4) is now
194 written

@

@t

Z
A

cdAþ
Z
G

N Vcð ÞdG ¼
Z
A

Qb � Qa þ wð ÞdA; ð7Þ

196 where the divergence theorem was applied to the second
197 term, G is the perimeter of A, and N is the unit normal vector
198 on G. Writing (7) in semidiscrete finite volume form
199 [Leveque, 2002] yields

dc
dt

¼
X2
k¼1

Qk �
Xm
i¼1

Qi; ð8Þ

201 where c is now interpreted as the volumetric storage (L3) of
202 c in the control volume (incompressible fluid), Qi is net
203 volumetric flux through the sides i = 1, 2, 3 of the control
204 volume, and Qk is the net volumetric flux across the upper
205 and lower boundaries k = 1, 2. Later it will be convenient to
206 divide (8) by the projected horizontal surface area of the
207 finite volume such that storage is an equivalent depth, and
208 volumetric flux terms are normalized to a unit horizontal
209 surface area.
210 [9] The vector form of equation (8) represents all pro-
211 cesses c = {c1, c2,. . .ck} within the control volume and
212 forms a fully coupled local ODE system. The fluxes across
213 the sides of the control volume are evaluated by appropriate
214 constitutive (or closure) relationships for specific processes
215 and applications. We note again that the finite volume
216 method guarantees mass conservation for each control
217 volume [Leveque, 2002], and that the semidiscrete repre-
218 sentation reduces all equations to a standard form.
219

2202.2. Multiscale, Multiprocess Formulation

221[10] The next step in developing the multiprocess system
222is domain decomposition. The horizontal projection of the
223watershed area is decomposed into Delauney triangles. Each
224triangle is projected vertically to span the ‘‘active flow
225volume’’ forming a prismatic volume which is further
226subdivided into layers to account for the physical process
227equations and material layers. When governing equations
228are a mix of ODEs (e.g., vegetation interception) and PDEs
229(e.g., overland flow, groundwater flow), the PDEs are first
230reduced to ODEs by applying the semidiscrete finite volume
231method (FVM) approach described above, and then all
232ODEs are associated with a layer within the prism. The
233prism is where all physical equations (and thus all time-
234scales of the problem) reside, and we refer to this local
235system as the kernel. Assembling the local ODE system
236over the watershed domain, a global system is formed
237which is then solved with an efficient ODE solver. This
238solution method is also known as the ‘‘method of lines’’
239[Madsen, 1975], here applied to a system of differential
240equations. For the multiple processes encountered in water-
241shed research, the approach has several advantages. First,
242the model kernel representing all physical processes oper-
243ating within the prismatic control volume can be easily
244modified for different applications or processes without
245altering the solver or even the domain decomposition. Since
246all physical equations are in a single subroutine, adding or
247omitting processes, material properties, or forcing makes
248modifications to the program quite simple. Second, the
249ODE is solved as a ‘‘fully coupled’’ system, with no time
250lagging or iterative linking of processes. Third, alternative
251constitutive or closure relationships are also easily imple-
252mented and tested in this strategy. The constitutive relation-
253ship might come from conceptual models, numerical
254experiments [Duffy, 1996], or theoretical derivation
255[Reggiani et al., 1999; Reggiani and Rientjes, 2005]. It is
256noted that constitutive relationships are sensitive to the scale
257of volume integration [Beven, 2006], a feature that is natural
258to the semidiscrete approach used here.
259[11] In this research we are developing an open-source
260community code for the simulation of watersheds and river
261basins, and we refer to this code as PIHM: Penn State
262Integrated Hydrologic Model. In this first generation of
263PIHM, we consider the following processes and dimen-
264sions: one-dimensional (1-D) channel routing, 2-D overland
265flow, and 2-D subsurface flow are governed by PDEs, while
266canopy interception, evapotranspiration, and snowmelt are
267described by ODEs. Each process is assigned to a layer
268within the kernel with overland flow and channel flow
269assigned to the surface layer, and the channel centered on
270any edge of the element. Prior to domain decomposition, the
271river network, hydraulic structures, or other devices, such as
272dams, gages, weirs, etc., are identified as special points used
273to constrain the decomposition. Although it imposes some
274computational burden to the grid generation, this idea
275simplifies the geometry of the decomposed region, which
276in turn facilitates assembling the global ODE system. For
277example, this step will guarantee that no channel intersects
278the control volume interior, or the channel segments are
279always centered on the boundary between two watershed
280elements. It also locates gages (stage, well level, climate
281station) at vertices of elements where desired, simplifying
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282 postprocessing. Figure 1 illustrates the decomposition and
283 kernel for the system to be studied here.

285 3. Building the Local ODE System

286 [12] The choice of equations in any situation is a practical
287 balance of the most important physical processes assumed
288 to operate on a watershed (Shale Hills, in our case), the
289 assumptions made about these processes in a particular
290 representation, and the scale of computation. We note that
291 there are no intrinsic limitations to more complex (or
292 simpler) equations/processes. Those presented here are
293 sufficient to characterize the physics of the particular
294 physical setting we have chosen to demonstrate.

2963.1. Processes Governed by PDEs

2973.1.1. Surface Overland Flow
298[13] The governing equations for surface flow are the 2-D
299St. Venant equations. Sleigh et al. [1998] have developed a
300numerical algorithm solving the full St. Venant equations
301using the finite volume method for predicting flow in rivers
302and estuaries, where the normal flux vector is calculated
303using Riemann approach [Leveque, 2002], and we follow
304their approach here. Letting c ! ho(x, y, t), the vertically
305integrated form of the continuity equation (4) is given by

@ho
@t

þ @ uhoð Þ
@x

þ @ vhoð Þ
@y

¼
X2
k¼1

qk ; ð9Þ

Figure 1. Schematic view of domain decomposition for hillslopes and stream reach. The finite control
volumes, elements, are prisms projected from the triangular irregular grid also referred to as a TIN
(triangular irregular network). The TIN is generated with channels as constraints, which will guarantee
that the channel is along the element boundary. In the upper part of the figure, the basic element is shown
to the left with multiple hydrological processes. A channel segment for a triangle bounded by a stream is
shown to the right.
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